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Abstract. Given a Lie algebra L graded by a group G, if L is does not contain 
orthogonal graded ideals and G is generated by the support of L, then G is an 
abelian group. 



It is well-known that the subgroup generated by the support of a simple C?-graded 
Lie algebra is always abelian. Nevertheless, this fact can be easily extended to Lie 
algebras without orthogonal graded ideals, and this is the aim of this short note. 

Throughout this note we deal with Lie algebras L over arbitrary rings of scalars 
$ with ^ € $, with Lie bracket denoted by [ , ]. Let G be a group. We say that a 
Lie algebra L is graded by G if there exists a decomposition 

geG 

where each Lg is a $-submodulc of L satisfying [Lg, Lgi] C Lggi , for every g, g' e G. 
The support of an clement a = "^g^Q G i is the finite set supp(a) = {g S 
G I flg 7^ 0}, and the support of L as a G-graded algebra is the set supp(L) = 
UaeLSupp(a). 

The next proposition relates noncommutative elements of G with orthogonal 
ideals of a G-graded Lie algebra L. We say that a G-graded Lie algebra L is 
graded-prime if it does not contain graded ideals I,J<L such that [/, J] = 0. 

Proposition Let L be a Lie algebra graded by a group G and let g, g' Cz G such that 
gg' 7^ g'g. Then [idL(Lg), idi(Lg')] = 0. In particular, if L is graded-prime and G 
is generated by the support of L, G is an abelian group. 

Proof. Let us prove the following property: Let 5i,52i ■ • ■ j5n G G 

if [-^91 Jiff2 J- ■ ■ ALg„-i,LgJ]]] 7^0 then gig j = gjgi Vi, j G {l,2,...,n}. (*) 
This property is true for n = 2: 

^9192 3 [-^31 J -^92] ~ [-^321^31] C Lg^gi 

which implies, if 7^ [Lg^,Lg.^] C Lg^g.^ H Lg.^g^, that 3152 = 52<7i- Let us suppose 
that (*) is true for every n — 1 elements and let 7^ [Lgi, [Lg2i [■ ■ • , [-'^sr.-u -^3„]]]]- 
By hypothesis, 

9i9] = 9j9i if G {2, 3, . . . , n} (1) 
By the Jacobi identity wc have two possibilities: 
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a) . liO^ [[Lg,,Lg^],[--- , [Lg„„,,Lg„]]] C [Lg,g^,[--- , [L g ^_ , , L g J]] thengig2 = 
(7251 and, by the induction hypothesis and (1), the elements 17152 and 172 commute 
with every gk, k > 3. Then 3^(51.92) = (3152),% = 9i9k92 and multiplying by g~^ 
on the right we get gigk = gk9i for every fc > 3. 

b) . If [Lg^, [Lg^, [• • • , [Lg^_^,LgJ\]]] ^ 0, tskc /i = .93 ■ --gn- By induction, 

gih = hgi, 92(91^) = igih)g2, and 51.9^ = .g^ for every fc > 3, 

so by (1), 52(51/1) = (51^)52 = 9i92h, which implies 5152 = 5251. 
Now, if g,g' € G with 55' 7^ 5'5, then for every 51, 52, . . . , 5™ S G 

[Lg,,[Lg„[---[Lg^,Lg]]]]=0 

which proves that [idL{Lgi),idL{Lg)] — 0. □ 
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